Patrick Donelan (#94275)
Computational Physics

Project 5: Hydrodynamics
In this project we consider the flow of a viscous, incompressible fluid in two dimensions. A thorough description of fluid flow can be very challenging (especially when turbulence is involved), so we are careful to choose a situation where the physics is fairly simple. The situation we wish to consider is that of a rectangular plate placed in the path of a flowing fluid (such as water to a good approximation). This is depicted in Figure 1.
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Figure 1
Our aim is to write a computer program to compute the time-independent fluid flow.

1) Mathematical Description
To treat fluid flow mathematically, we need to consider two fields which describe the fluid element at each point in space: ρ, the mass density, and V, the velocity. These two fields are related via the following fundamental equations of hydrodynamics:
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Where:
P is the pressure, and
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 is the kinematic viscosity.

We make the assumption (simplification) that the kinematic viscosity is constant. 

Equation (1.1) is the continuity equation. It is our conservation of mass equation, expressing the fact that the density of the fluid can only change via a net in-flow or out-flow of matter. Equation (1.2) is the Navier-Stokes equation, our momentum conservation equation. 
Because we are considering only time-independent flow of an incompressible fluid, all time derivatives are zero and the density is constant. This reduces our equations to:
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In two dimensions, these become:
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Where:

u & v are the x & y components of the velocity field.

We then make some clever substitutions:
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With the definitions in Equation (1.8) it is apparent that 
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. This means that V is tangent to contour lines of constant 
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, and hence 
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 is known as the stream function (representing stream lines along which the fluid travels). 
The second definition we made, 
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, in Equation (1.9), is known as the vorticity function because it is the negative of the curl of the velocity field.
After some algebra, we can re-write Equations (1.3) and (1.4) in terms of the stream and vorticity functions:
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Our aim is to find the time-independent fluid flow (V), which amounts to finding solutions to 
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and 
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. We notice that only the first two Equations (1.10) and (1.11) are needed to do this (along with some boundary conditions). If we wanted, we could use Equation (1.12) to compute P after 
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and 
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have been found.
2) The Relaxation Method

We solve Equations (1.10) and (1.11) simultaneously using the relaxation method. We start by dividing our space up into a two-dimensional lattice of uniform spacing h with nx and ny points in the x and y directions respectively. This is shown in Figure 2.
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Figure 2
Because of the symmetry of the problem, we need only consider one half of the system, from the centreline of the plate (y > 0) as shown in Figure 2. We are careful to place the plate so that its edges lie on lattice points. We measure length in units of h and velocity in units of the incident fluid velocity, Vo, so that the stream function is measured in units of Voh and the vorticity is measured in units of Vo/h. 

Using the central difference formula (as discussed in Project 4), we discretise Equations (1.10) and (1.11) so that we can compute them using a computer program:
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Where:
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is the lattice Reynolds number (a dimensionless measure of the strength of the viscous forces). The range of R values that we will consider is [0.1, 8].
We solve Equations (1.13) and (1.14) as follows:

· First we guess an initial solution at all points (the free-flowing solution is a good guess).
· Then we perform a series of relaxation sweeps across the lattice, applying Equations (1.13) and (1.14) to slowly improve our solution.
· We continue sweeping until the lattice converges on a stable solution.
As is customary with the relaxation method, we use a relaxation parameter to mix one iteration with the next:
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Where:
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is the updated value in our relaxation sweep,
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is the new value computed by Equations (1.13) and (1.14), and
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is the relaxation parameter.

With 
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the system is said to be over-relaxed, and under-relaxed if 
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3) Boundary Conditions
The geometry of the problem requires careful analysis of the boundary conditions along the edges of the plate and the ends of the lattice. On some edges the values of 
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and 
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can be determined via symmetry, in others more detailed physical analysis is required. In the corners it suffices to take an average of neighbouring edges. The boundary conditions used for this project are shown in Figure 3.
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Figure 3
The letters along the edges in Figure 3 refer identifiers used in the code (see Appendix).

In the project manual, it was recommended for reasons of stability that we enforce boundary conditions in the following order:

· Force boundary conditions for 
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· Relax 
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· Relax 
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· Force boundary conditions for 
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We will investigate later whether this order is important for convergence.

4) Program Behaviour

A screenshot of the program is shown in Figure 4. The left panel displays the stream function whilst the right panel displays the vorticity function. The plate is visible in the middle of these panels as a large black rectangle. Because of the symmetry of the problem, the program only computes values for the upper half-plane (y > 0). When displaying the data, these values are mirrored onto the lower plane to show the full geometry of the problem. Across the top are a series of control buttons that allow the program to be started, paused, reset, and data to be written out to file (for display in Excel).
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Figure 4
As mentioned earlier, we begin the relaxation method by initially setting the stream and vorticity functions to the free-flowing solution. This corresponds to 
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. The program uses a blue-scale to display stream function values, and a violet-scale to display vorticity function values (light colours were chosen because of printing considerations). Figure 4 shows the program in this initial state with a lattice of 100x40 and plate dimensions T=20, W=10. 

By clicking on Write Half, the upper plane of the stream and vorticity functions is written to a file that can be read in by Excel. Figure 5 shows a surface plot of the stream function (as generated by Excel). Only half of the plane has been written to file and displayed so that we can view the region around the plate. As we know, V is tangent to contour lines of constant 
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, and hence 
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 represents stream lines which fluid particles travel. As we would expect, in the free-flowing case the fluid flows in a straight line parallel to the x axis, except for at the plate where we have forced the stream function to zero. 
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Figure 5
Figure 6 shows a surface plot of the vorticity function from Excel. Unsurprisingly, it is completely flat (all zero initially).
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Figure 6
When we click Relax, the program starts running relaxation sweeps and applying Equations (1.13) and (1.14). For this first run, we have chosen model parameters w = 1 and R = 0.1. With these settings, the program detects that after 121 sweeps the stream lattice has converged on a stable solution. It does this by comparing the largest change in any given sweep against a pre-defined convergence tolerance of 0.005. This is shown in Figure 7.
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Figure 7
We can see in Figure 7 how the stream lines now curve around the plate, bunched up more slightly on the (incident) left side and drawn out slightly on the right side. We can also see that vortices have formed on the corners of the plate, and that these vortices fan across the top and bottom edges of the plate.

Figure 8 shows a surface plot of the stream function. In it, we can see the way in which the stream lines curve around the plate.
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Figure 8
Figure 9 shows a bird’s-eye view of the full stream function, which illustrates beautifully the way in which the stream lines curve around the plate.
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Figure 9
Figure 10 shows a surface plot of the vorticity function. We can see the way in which the vorticity spikes dramatically at the corners of the plate, especially on the front corner of the plate.
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Figure 10
Now that we have seen the basic behaviour of the model, we want to ask some questions:

· What is the effect of varying the size and placement of the plate?
· How does the Reynolds number and the relaxation parameter effect the model?
· What is the effect of changing the order in which boundary conditions are enforced?
5) Plate Size and Placement
Ideally we want our lattice to be as large as possible. The reasons for this are twofold:

· To move the boundaries as far away as possible from the plate to minimise any erroneous effects from the simplifications we have made there, and
· To reduce the granularity of the lattice (to make our model appear as continuous as possible).
Point 2 bears little concern for us because the model is relatively non-processor intensive, meaning that we can run simulations at sufficiently large lattice sizes to generate satisfactorily “un-lumpy” results in short amounts of time (as has been shown so far for lattices of size 100 x 40 in Figure 7 to Figure 7). Doubling the lattice size produced no noticeable effects on the results.

Point 1 is more interesting. Intuitively, we would expect that if the lattice was placed too close to the right-hand boundary then there wouldn’t be enough room for the stream lines to curve back to parallel (the “wake”). Figure 11 shows the program after 12 sweeps with the plate placed close to the right-hand boundary. At this stage, the relaxation is proceeding as per normal; the stream lines and vortices are beginning to expand around the plate - they have both just reached the boundary. 
[image: image52.png]& Applet Viewer: compphys_640364.MultiThreadedApplet.class

X

B=X]

Applet

Relax Paiiss Wiite Full Wiite Half

Reset

Stream (100x40) Vorticty (100 40)

Message: Completed 12 sweeps (3.0%) convergence
Applet started.





Figure 11
As the program proceeds with more relaxation sweeps, we see the model break down. Along the right-hand boundary we have specified that the x-derivative of both 
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is zero, meaning that the right-most point gets set to whatever value it’s immediately-left neighbour has on each relaxation sweep. With the plate close to the boundary, this has the effect of stretching out the stream lines and vortices out to the right, as shown in Figure 12. For this reason, we need to endeavour to keep the plate away from the right-hand boundary.
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Figure 12
On the left-hand boundary, we apply slightly different boundary conditions. The stream function is treated the same as on the right-hand boundary (its x-derivative is zero) hence we expect to see it stretched out to the left. The vorticity function, however, is forced to zero. This has the reverse effect, in essence pushing away the vortices from the boundary. Figure 13 shows the way in which the stream function is stretched and the vorticity function compressed as the relaxation algorithm runs with the plate close to the left-hand boundary.
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Figure 13
As the program runs for longer, the vortices are push almost entirely away from the left-hand side of the plate, as shown in Figure 14.
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Figure 14
However in some ways the vorticity function recovers from this inaccuracy because as we know it typically converges to very sharp vortices on the corners of the plate, which are still possible because they cover only a small area and are hence sufficiently far away from the left-hand boundary. Thus, with the plate close to the left-hand boundary we end up with an incorrect stream function but a relatively accurate (although still slightly skewed) vorticity function. This is shown in Figure 15. Again, these effects do not represent the physical situation we are trying to model so we endeavour to keep the plate away from both the right-hand and left-hand boundaries.
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Figure 15
6) The Reynolds Number
As mentioned previously, the Reynolds number is a dimensionless measure of the strength of the viscous forces or equivalently, the speed of the incident stream. The second of these interpretations is perhaps more helpful in guessing intuitively what the effects of changing the Reynolds number will be on the model; higher Reynolds numbers mean faster fluid and hence a more turbulent fluid. We also expect to see a bigger tail or wake on the right-hand side of the plate as a result of the faster fluid.

The results we have seen thus far have been for R = 0.1. The first thing we notice when we increase R to 0.2 is that the model is less stable, that is, it does not converge as easily. The convergence percentage rises to 5%, then falls back to <1%, then rises to 10% and then back down to <1% etc… For whatever reason, the model starts converging, but then some small change sets in and it de-stabilises again. Finally after 703 sweeps it converges to within our tolerance. Clearly we are going to have to loosen our tolerance of find a way to make the model more stable if we are going to have any hope of having the model converging for higher Reynolds numbers. The final stream and vorticity functions for R = 0.2 appear almost identical to the results for R = 0.1. 

The way in which the relaxation proceeds when we increase R to 0.5 is interesting. Figure 16 shows the way in which the vorticity function bends away from the right-hand side of the plate as the wake grows, presumably as a result of the higher fluid velocity.
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Figure 16
With R = 0.5 the model takes 1835 sweeps to converge. This is shown in Figure 17. You can see that the vortices on the left corners are now much more pronounced than those on the right corners of the plate. Watching the relaxation proceed, this appears to be due to the bending away of the right vortices (due to the enlarged wake). As they bend away from the plate, the vortices become less intense and tend to fade away.
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Figure 17
Figure 18 shows a surface plot of the vorticity function for R = 0.5. This highlights the size of the vortices on the incident side of the plate.
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Figure 18
To speed up converge as we increase R further, we now double our convergence tolerance from 0.005 to 0.01. With R = 1, the program goes through the same stages as before, with the vortices to the right of the plate bending and fading away. The end result similar to the R = 0.5 result, with even smaller vortices on the incident side of the plate.

Thus far, the relaxation parameter, w, has been set to 1, which means that no sweep mixing has been occurring (at each sweep, the old value is completely overwritten with the new value). The time to reach convergence is getting increasing longer as we increase R, so it is worthwhile at this point to try adjusting w to ‘tune’ the model for convergence. 
Increasing w has the effect of turbo-charging the algorithm, by amplifying the changes between sweeps. Increasing w to 1.3 sped up convergence significantly (we were able to converge in less than 1000 sweeps for R = 1), but it also made the algorithm fluctuate wildly at the start. For example, Figure 19 shows the program after 4 sweeps. You can see that the vorticity function appears very unstable. This level of instability early on does not seem to have detrimental effects on final converge, as the vorticity function quickly settles down to a normal state. The advantage of this early instability is it moves the vorticity function closer to its final state much quicker, and hence speeds up convergence.
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Figure 19
When we increase w too far however, the model breaks down, as shown in Figure 20. With such a high relaxation parameter, feedback between the vorticity function and the stream function is too highly amplified and lattice values grow too big for the program to handle (to java’s version of infinity). The lesson we learn from this is that it is worthwhile tuning w for convergence, but we need to be aware that too high a value will cause our model to break down.
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Figure 20
As we increase R further (as far as R = 8), we find that the instability in the model grows such that we have to actually decrease w below zero to stop the model from breaking down. For example, a relaxation parameter as low as w = 0.3 is needed to stop the model from breaking down during the early stages of relaxation when R = 8. The fact that most of the stability is encountered during the first few relaxation sweeps suggests that a more intelligent program would start with a low relaxation parameter but then slowly increase it (to speed up convergence). Or better yet, actively monitor the lattice values, keeping w as high as possible without letting the values reach Java infinity.
Figure 21 shows a partially converged program output for R = 8. We can see how the vortices on the right-hand side of the plate are now long tails. We notice that these tails reach all the way to the right-hand boundary which means they are becoming distorted by the boundary effects, and as such should not be trusted.
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Figure 21
Figure 22 shows the partially converged output for R = 8 with a much bigger lattice size in the x direction (nx = 400). The program had not converged after 2 hours but in its partially converged state we can see the way in which the vortices trail off in the plate’s wake. Also, the stream function shows the way in which the fluid is initially deflected by the plate on a curved path, but then slowly curves back to the horizontal. 
[image: image65.png]Applet

Applet started

Wiite Full

Wiite Half





Figure 22
7) Algorithm Order

In the project manual, it was recommended for reasons of stability that we enforce boundary conditions in the following order:

· Force boundary conditions for 
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· Relax 
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· Relax 
[image: image68.wmf]z


· Force boundary conditions for 
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However simulations showed that this has very little effect on the stability of the model. For the case where R = 8, the recommended order stops the model from breaking down with w as high as 0.33. With the more intuitive order:

· Force boundary conditions for 
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· Relax 
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· Force boundary conditions for 
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· Relax 
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The model starts to break down with w > 0.31. This is only a minor difference; the small increase in w gives us only a trivially small convergence speed-up.

The reason the recommended order gives slightly higher convergence is most likely due to the dependence of the vorticity function on the gradients of both the stream function lattice and its own lattice. Any small gradient changes are quickly amplified, which can lead to the model ‘blowing up’ to infinity. Forcing boundary conditions can cause non-intentional discontinuities in the lattice, which increase the instability of the model. Thus, it is preferable to relax 
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 when the lattices are in their most smooth state, that is, immediately after 
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has been relaxed.
8) Appendix
Source code attached as zip file.[image: image76.png]
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